Abstract. We analyze the stress-energy tensor for the self-coupled Maxwell-Dirac system in the bilinear current formalism, using two independent approaches. The first method used is that attributed to Belinfante: starting from the spinor form of the action, the well-known canonical stress-energy tensor is augmented, by extending the Noether symmetry current to include contributions from the Lorentz group, to a manifestly symmetric form. This form admits a transcription to bilinear current form. The second method used is the variational derivation based on the covariant coupling to general relativity. The starting point here at the outset is the transcription of the action using, as independent field variables, both the bilinear currents, together with a gauge invariant vector field (a proxy for the electromagnetic vector potential). A central feature of the two constructions is that they both involve the mapping of the Dirac contribution to the stress-energy from the spinor fields to the equivalent set of bilinear tensor currents, through the use of appropriate Fierz identities. Although this mapping is done at quite different stages, nonetheless we find that the two forms of the bilinear stress-energy tensor agree. Finally, as an application, we consider the reduction of the obtained stress-energy tensor in bilinear form, under the assumption of spherical symmetry.
Introduction
In classical field theory, it is well known that a conserved energy-momentum tensor for a physical system can be constructed by the Noether method, exploiting invariance of the Lagrangian density under space-time translations. However, the derived symmetry current using this method, the so-called "canonical" form [10] , has the unfortunate drawbacks of being neither symmetric in its two tensor indices, nor gauge invariant.
Many attempts have been made to rectify these problems, two of the most prominent being the Belinfante form [1] , and the variational form from general relativity [22] . The basis of the Belinfante approach is to extend the invariance of the Lagrangian to include contributions from Lorentz transformations, so that the Noether symmetry current becomes that associated with the full Poincaré group. In this way, the canonical term is symmetrized [23] , and extra "correction" terms are present, which are attributed to the spin contribution to the stress-energy.
The variational approach uses the action principle to relate the variation of the Hilbert action of space-time to that of matter, then invoking Einstein's equations to identify the matter part to the stress-energy tensor. The result is an expression for the stress-energy which is proportional to the functional derivative of the action of matter, with respect to the inverse metric. The presence of the metric ensures that the stress-energy tensor is manifestly symmetric.
Regardless of the independent nature of their derivations, Goedecke pointed out [8] that in the limit of flat space-time, the Belinfante and variational forms of the stress-energy tensor must agree. The equivalence in the integral spin field case was proven by Rosenfeld [19] , and Goedecke provided evidence for equivalence in the half-integral spin field case via a series of examples, but U (1) × SU (2) × SU (3) case is an open question. The set of equations obtained when the inverted Dirac equation is substituted into the Maxwell equations, along with the appropriate consistency conditions and Fierz identities, constitutes the Maxwell-Dirac equations. We shall not discuss the details of this system further here, other than to state the aim of this paper, which is to derive a bilinear form of the stress-energy tensor for this system, and explore how it reduces in the presence of symmetries. For further information on the bilinear current, or "relativistic hydrodynamical" formulation of the Maxwell-Dirac system, we direct the reader to [20] , and [12] where symmetry reductions are also studied.
The first topic we undertake in this paper is the derivation of the bilinear form of the MaxwellDirac-Belinfante tensor in Section 2. Following a brief derivation of the Belinfante tensor for a free Dirac particle in the spinor representation, we introduce the core concepts of the bilinear mapping and Fierz expansions. These ideas are then applied to the derivative-dependent bilinear terms that appear naturally in the free Dirac-Belinfante tensor, and an appropriate Fierz identity is derived, allowing us to rewrite the explicitly spinor-dependent form of the tensor exclusively in terms of bilinears. Note that the Fierz transcription to bilinears occurs as the final stage of the calculation, once the Belinfante tensor in Dirac spinor form has already been derived. A more detailed version of this derivation is relegated to B. The known tensorial forms of the electromagnetic interaction and Maxwell field stress-energies are then added to the free Dirac contribution, resulting in a manifestly symmetric and gauge independent bilinear form of the Maxwell-Dirac-Belinfante tensor.
Section 3 presents an independent derivation of the Maxwell-Dirac stress-energy tensor, which in this case uses the variational form known from general relativity. Beginning with the Lagrangian density for an electromagnetically interacting Dirac particle, and initially ignoring the Maxwell field contribution since we are mainly interested in the behaviour of the bilinear Dirac contribution, we convert it to its analogous bilinear form, using a contracted form of the Fierz identity obtained in Section 2. This is in stark contrast to the calculational method in Section 2, where the Fierz transcription took place last. A brief review of how the variational stress-energy is obtained is then given. Then, using the general relativistically covariant form of the bilinear Dirac Lagrangian, the variational stress-energy is obtained, and is found to be in agreement with the Maxwell-Dirac-Belinfante tensor.
Finally, in Section 4, the bilinear Maxwell-Dirac stress-energy tensor is subjected to the restrictions imposed by an example symmetry subgroup of the Poincaré group, namely the spherical symmetry group SO(3). This extends the discussion of the symmetry reductions of the Maxwell-Dirac equations from [12] , essentially providing the mathematical framework required to calculate the mass-energy and momentum fluxes corresponding to solutions obtained under this symmetry and others, in principle. The discussion of such Maxwell-Dirac solutions and their physical properties, as well as the treatment of other select symmetry groups, are intended to be presented in follow-up works.
2 Maxwell-Dirac stress-energy tensor via Belinfante
Belinfante tensor for a free Dirac particle
The Belinfante stress-energy tensor is the fully symmetric analogue of the well-known asymmetric "canonical" form, which for free Dirac particles is
that satisfies the conservation condition
In fact, T µν is the Noether symmetry current corresponding to imposing the invariance of the free Dirac Lagrangian
under the translation group. The asymmetry arises from the fact that only translations are considered in the derivation of (1), which neglects rotational contributions to the stress-energy [5] . Since (3) is invariant under Lorentz transformations, we can use the formula for the Noether symmetry current divergence
to obtain the Noether current directly. A vanishing, manifestly antisymmetric expression is obtained
This can be interpreted as an antisymmetric combination of a symmetric tensor [23] , which we call Θ µν . A tensor form which reduces to the left-hand side of (5) upon antisymmetrization is
Using (5) to replace the left-most anti-commutator bilinear term, results in the manifestly symmetric combination
where the spin density [19] , defined in this case as
vanishes when taking into account the identity in the Dirac algebra
We therefore obtain the form of the Belinfante stress-energy tensor for a free Dirac particle
in agreement with Goedecke [8] . Note that the Belinfante tensor is conserved
and is equivalent to the Noether symmetry current of the Poincaré group.
Dirac bilinears and Fierz identities
The bilinear mapping from the spinor fields χ and ψ to the corresponding set of tensor fields is of the form χΓ R ψ, where Γ R = {I, γ µ , σ µν , γ µ , γ 5 } is the set of R = 1, ..., 16 basis elements of the Dirac Clifford algebra. When χ = ψ, we obtain the set of manifestly U (1) gauge invariant fields
which are all real except for ω, which is pure imaginary, as is the additional tensor * s µν ≡ ψγ 5 σ µν ψ. Note that a common alternate convention is to use the real pseudoscalar field ̟ ≡ ψiγ 5 ψ. Alternatively, setting χ = ψ c , we obtain for the Γ R = γ µ element, the gauge dependent bilinear vectors
The matrix product of two spinors can be expanded in the Γ R basis, using the Fierz expansion
where either χ or ψ may contain partial derivatives. There exists a rich set of interrelationships between bilinear tensor fields, which can be derived by "breaking up" products of bilinears such as j µ k ν ≡ ψγ µ (ψψ)γ 5 γ ν ψ into sums of different bilinears, by inserting (16) . This Fierz expansion technique was used extensively in [12] , in the context of the reformulation of the self-coupled Maxwell-Dirac equations in terms of bilinears.
Belinfante tensor in bilinear form
Our current objective is to rewrite (10) in terms of Fierz bilinears, which means we need to derive a Fierz identity that expresses the spinorial object [ψγ ν (∂ µ ψ) − (∂ µ ψ)γ ν ψ] in terms of bilinears. Therefore, we are led to search for Fierz expansions in which this term is likely to appear. One example is
There are at least three other bilinear products whose Fierz expansions produce the desired term,
. Their respective expanded forms, along with a much more detailed derivation of the Fierz identity, is given in appendix B. Using these four identities, we can combine them to give
which obviously still requires some more work. Using the Fierz identities derived in [12] [ψ(
we can replace the spinor terms on the second line of (18) with bilinears, but this still leaves the spinor terms on the third line. After a straightforward, but tedious, set of Fierz manipulations, we obtain the desired identity
Substituting into (18) and rearranging yields
This is entirely in terms of bilinears, but we would like to go further and eliminate the rank-2 terms, s µν and * s µν . Using the known Fierz identities for the replacement of these terms [14] 
where we define the partially antisymmetric object
the rank-2 dependent terms in (22) become
and
giving us the final form of our identity
Substituting into (10) and relabelling some indices for convenience later on, we obtain the bilinear form of the Belinfante stress-energy tensor for a free Dirac particle
The Fierz identity (28) is of central importance to our current work on the stress-energy tensor, since it permits an explicit mapping from the Dirac spinor fields to the physically equivalent set of bilinears, in the form in which the spinors appear in the Belinfante tensor (10). Of note is that none of the elements of the bilinear set (12) which we have chosen to work with contain any internal derivative operators, so all gradient terms appear explicitly in (29). Additionally, (28), along with (19) and (20), are examples of a large family of related Fierz identities, and only represent the tip of the iceberg of such relations [21] .
Maxwell-Dirac Belinfante tensor
The full Maxwell-Dirac stress-energy tensor is
where Θ µν,int and Θ µν,em are the interaction and Maxwell field contributions respectively. The Maxwell contribution has the well known form
consistent with our metric signature (+ − −−), and the interaction term is
where the electromagnetic vector potential A µ can be replaced by the gauge independent analogue B µ using the definition from [12] A
The gauge dependent bilinear terms in (32) cancel out the corresponding terms in (29) exactly, so the full Maxwell-Dirac Belinfante stress-energy tensor is
which is manifestly symmetric and gauge independent.
3 Maxwell-Dirac stress-energy tensor via general relativity
Bilinear form of Dirac Lagrangian
We will now derive the bilinear form of the Maxwell-Dirac stress-energy tensor again, this time using a completely different method. The approach outlined in section 2 involved the use of Fierz identities to convert the spinorial form of the Belinfante stress-energy for a free Dirac particle (10) into bilinear form (29), to which the known tensor forms of the interaction and Maxwell contributions were added, yielding (34). This time around, we convert the Lagrangian for an interacting Dirac particle
into bilinear form, then use the definition of the stress-energy tensor from general relativity to obtain our result, which should in principle agree with (34). Note that this method from general relativity was used directly on the spinorial form of the Lagrangian (3) by Goedecke [8] , who then demonstrated its equivalence with the Belinfante stress-energy tensor (10) . We are pursuing a similar equivalence demonstration, with our focus being on the bilinear formalism. However, in contrast with the calculation of the previous section where the Fierz bilinear transcription was performed at the end, once the spinorial Belinfante tensor (10) had been obtained, here we transcribe at the start, and perform the entire variational calculation with the bilinear field variables. The Fierz identity required to rewrite (35) is obtained by simply substituting the contracted form of (28),
Applying the definitions σ ≡ ψψ, j µ ≡ ψγ µ ψ, and using the definition of B µ (33), we obtain
Variational form of the stress-energy tensor
The total action for the gravitational field in the presence of matter is [22] 
where S M is the action for matter fields (mass-energy). S H is the Hilbert action, defined as
where g is the determinant of the metric g µν , R is the Ricci scalar, and d 4 x is the invariant volume element. The variation of the action with respect to an arbitrary tensor field Φ µ1...µ k ν1...ν l takes the general form
with contraction over the indices implied. The term δS/δΦ is called the functional derivative of S with respect to the tensor field Φ. Of main interest in variational theory are tensors Φ 0 which extremize the action, so that δS = 0, and hence
Extremizing the variation of the Hilbert action (39) with respect to the inverse metric leads to Einstein's equations in vacuum
Likewise, extremizing the gravitational action in the presence of matter (38), so that
and equating the corresponding functional derivatives, yields
Comparing with the well-known form of Einstein's equations in the presence of matter
we can see that the energy momentum tensor is of the general form
Variational Maxwell-Dirac stress-energy tensor
The variation of the electromagnetically interacting Dirac matter action, ignoring the contribution of the Maxwell field itself for now, is given by
where the Lagrangian is given by (37), but with appropriate modifications to make it covariant in curved space. Since the invariant volume element d 4 x and √ −g are scalar densities of weight −1 and +1 respectively, we must arrange for the Lagrangian to be manifestly a scalar. Notice that (37) contains a term dependent on the Levi-Civita symbol with upstairs indices, which is of weight −1. This implies that we should make the replacement
In order to deal with the bilinear four-vectors we must introduce the vierbein fields [24] , which locally relate the curved metric to the flat one
where Greek and Latin indices label curved and flat spacetime components respectively. The gamma matrices are modified such that
so the bilinears are now
The variation of the square root of the negative metric determinant is [22] 
Noting that h = √ −g, where h is the vierbein determinant, we can use the variation of (49) to alternatively write this as
implying the reciprocal variation
In curved space, the Levi-Civita term in (37) becomes
Introducing the covariant derivative causes the first term to vanish, due to the tetrad postulate [24] ∇ µ e ν a = 0.
Expanding out all of the vierbein fields in the second term, we find that
which implies that for any curved coordinate components, this term is always equal to the flat spacetime version, so it is automatically covariant. We find that the covariant bilinear electromagnetically interacting Dirac matter Lagrangian has the form
The variation with respect to deformation of the vierbein field is
From the variation of (49), we find that
Using the fundamental vierbein property
e µ a (δe
we find that the first and last terms in (60) are
Following a similar process, we find that the second variational term is
Gathering the deformed terms together, we can write the variation of the Lagrangian as
with the associated action variation being
From the general form of the action variation (40), a relationship between (68) and the stressenergy tensor can be obtained [24] 
which implies that
Recognizing T µν as symmetric gives
Identifying the contents of the external parentheses in (68) with u µ a , we obtain for the stress energy tensor
where we have evaluated at flat spacetime. This is manifestly symmetric, but it requires some additional manipulation before it more closely resembles the Belinfante form (34). Consider the U (1) gauge covariant Dirac equation and its Dirac conjugate
Left and right multiplying these equations by ψ and ψ respectively, then subtracting the second from the first and rearranging, gives
Applying the Fierz identity (36) and the B µ definition (33), this becomes
causing the η µν dependent term in (72) to vanish. Now consider the combinatorial identity
which can be used to obtain the final form of the variational stress-energy tensor for Dirac matter
Comparing with the Belinfante tensor (34), we find that they agree
when the gauge field stress-energy (31) is included on the left-hand side.
Symmetry reduction of the Maxwell-Dirac stress-energy tensor
The Maxwell-Dirac equations in the bilinear formalism are in general, a very complicated set of self-coupled partial differential equations. An application of the present construction of the physical stress-energy tensor of the system in terms of bilinears, is therefore to provide a representation of the conserved rest mass of possible solutions (via the spatial integral of T 00 for example). For any meaningful solutions to be derived, it is natural to consider reduced forms under the imposition of special symmetries. The reduction of the bilinear form of the Maxwell-Dirac system under several examples of subgroups of the Poincaré group was discussed in [12] . We therefore choose one of the most important of these subgroups to work with here, namely SO(3), which corresponds to spherical symmetry. In particular, we shall demonstrate how the bilinear form of the Maxwell-Dirac stress-energy tensor reduces, given the restrictions imposed by this subgroup. The treatment of other symmetry reductions, such as cylindrical symmetry and the P 13,10 subgroup from [18] , shall be left for future work.
Under spherical symmetry, scalar fields (σ, ω, etc.) have the generic form
and vector fields (j µ , k µ , etc.) have the form
where the invariant
is simply the spatial radius. We showed in [12] that the spherically symmetric forms of our bilinear vector and axial vector fields are
where the vector potential functions are
Here, we are using a condensed derivative notation ∂ t σ ≡ σ t , and so on. Note that the effect of the symmetry reduction has in this case, reduced the components of the four-vectors to the set of coefficient functions j a , j b , σ and ω, which are themselves further constrained by higher-order nonlinear PDEs in the Maxwell-Dirac system. The coefficient functions k a and k b have been eliminated through the use of the Fierz identities
It is straightforward to show that the Levi-Civita terms in the stress-energy vanish in this symmetry case
The form of the stress-energy tensor we are dealing with is therefore
For the SO(3) symmetry, the components of the electromagnetic field strength tensor are
where the Maxwell coefficient functions are
representing the electric field form, and
representing the magnetic field form, which happens to be that of a monopole. Treating the µ = ν = 0, µ = 0, ν = i and µ = i, ν = j cases separately, we find that the respective components of (89) are
where the energy density of the Maxwell field is
and the other functions are defined as
Conclusions
The central aim of our current work was to obtain a form of the stress-energy tensor for the self-coupled Maxwell-Dirac system, in terms of bilinears. The motivation for working in the bilinear formalism in general, is given by the fact that spinor fields do not correspond directly to observables, due to their dependence on an arbitrary unobservable phase factor. On the other hand, the system of Dirac bilinears corresponds to "density fields", or "probability distributions", which are observable according to a fundamental postulate of quantum mechanics. However, the attractiveness of the new physical insights that could be gained by studying the fully non-linear quantum electrodynamics, in terms of the observable tensor fields given by bilinears [20] , is offset somewhat by the sheer complexity of the self-coupled system. Reducing this system under a symmetry subgroup of the Poincaré group can simplify it to a point where it is mathematically tractable, and solutions can potentially be obtained. Such solutions would have associated massenergy and momentum fluxes, which can be calculated directly using a bilinear-dependent form of the symmetry reduced stress-energy tensor.
In sections 2 and 3, we demonstrated that bilinear forms for the stress-energy tensor (Θ µν and T µν respectively) can indeed be calculated, by applying Fierz identities to the spinor terms appearing in the Belinfante and variational general relativistic calculational schemes. In the Belinfante case, the Fierz mapping was applied to the spinorial Belinfante tensor, and in the variational case, it was applied to the spinorial Lagrangian prior to the vierbein deformation. Despite the fact that these two methods are quite independent, with very different starting points from the point of view of the Fierz bilinear transcription, they are in agreement in accordance with Goedecke's conjecture [8] and Lord's subsequent equivalence proof [17] . This mathematical consistency adds weight to the validity of the bilinear representation of the Maxwell-Dirac system, and our corresponding bilinear stress-energy result.
However, there is a point of view from which this automatic agreement is somewhat surprising. When taking into consideration the details of the functional Jacobian corresponding to the spinor to bilinear mapping, one would expect there to be extra constraint terms entering into the bilinearized Lagrangian, with the lack of such terms in (37) leading to a disagreement with the Belinfante tensor in the bilinear representation. A transcription of spinor electrodynamics into gauge invariant quantities in this spirit, has been given in the functional formalism by Rudolph and Kijowski [15] , [16] . In their bosonic transcription, Green's functions are given as functional integrals in whose integrands there are always additional accompanying field-dependent factors, and so an effective bosonic, local, purely Lagrangian formulation is not obtained. The details of the agreement between Θ µν and T µν for the bilinear case, although highly encouraging, remains a matter deserving of further study.
Putting these technical concerns aside, we then turned to an example to demonstrate how the bilinear stress-energy tensor is reduced under spherical symmetry, using the generic SO(3) invariant forms for scalar and four-vector fields discussed in [12] . We found that the stressenergy components could be described in terms of three functions (98)-(100) corresponding to the interacting Dirac matter contribution, as well as a single function (97), corresponding to the energy density of the Maxwell field.
The bilinear form of the Maxwell-Dirac stress-energy tensor (34) may be easily applied to solutions of the symmetry reduced Maxwell-Dirac equations, such as considered in [12] , by performing the corresponding symmetry reduction on T µν , as done in section 4 for the SO(3) group, and directly substituting the solution fields. We intend to investigate both numerical and closedform solutions explicitly, for the static spherically symmetric and the algebraic splitting groups P 13,10 [12] , [18] , in follow-up works.
A Dirac identities
{γ µ , γ ν } = 2η µν (101) [γ µ , γ ν ] = −2iσ µν (102) γ 5 = γ 5 = −(i/4!)ǫ µνρσ γ µ γ ν γ ρ γ σ = iγ 0 γ 1 γ 2 γ 3 = −iγ 0 γ 1 γ 2 γ 3 (103) γ 2 5 = I (104) {γ 5 , γ µ } = 0 (105) [γ 5 , σ µν ] = 0 (106) γ µ γ ν = η µν − iσ µν (107) γ µ γ µ = 4 (108) γ µ γ 5 γ µ = −4γ 5 (109) γ µ γ ν γ λ = η µν γ λ + η νλ γ µ − η µλ γ ν − iǫ µνλσ γ 5 γ σ (110) γ ν γ µ γ ν = −2γ µ (111) γ ν γ 5 γ µ γ ν = 2γ 5 γ µ (112) γ µ γ ν γ σ γ ǫ = η µν η σǫ + η νσ η µǫ − η µσ η νǫ − iη µν σ σǫ − iη νσ σ µǫ + iη µσ σ νǫ + iη µǫ σ σν + iη νǫ σ µσ + iη σǫ σ νµ − iǫ µνσǫ γ 5 (113) γ ǫ σ µν = iη ǫµ γ ν − iη ǫν γ µ + ǫ µνǫσ γ 5 γ σ (114) σ µν γ ǫ = iη νǫ γ µ − iη µǫ γ ν + ǫ µνǫσ γ 5 γ σ (115) γ µ σ σǫ γ ν = iη ǫν η µσ − iη σν η µǫ + η ǫν σ µσ − η σν σ µǫ − ǫ σǫνµ γ 5 + iǫ σǫνλ γ 5 σ µ λ (116) γ σ σ µν γ σ = 0 (117) σ µν γ µ = −3iγ ν ,(118)σ µν γ ρ γ µ = 3iη νρ + σ νρ , (119) σ µν σ ρτ γ µ = η νρ γ τ − η ντ γ ρ + iǫ νρτ σ γ 5 γ σ ,(120)γ µ σ νµ = −3iγ ν , (121) γ µ γ ρ σ νµ = 3iδ ν ρ − σ ν ρ ,(122)γ µ σ ρτ σ νµ = δ ν τ γ ρ − δ ν ρ γ τ + iη νκ ǫ κρτ σ γ 5 γ σ ,(123)− ǫ λρσǫ ǫ λ µντ = η ρµ η σν η ǫτ − η ρµ η ǫν η στ + η ρν η στ η ǫµ − η ρν η ǫτ η σµ + η ρτ η σµ η ǫν − η ρτ η ǫµ η σν(124)
B Derivation of the Belinfante Fierz identity
Here we supplement section 2.3 with a more detailed version of the derivation of (28). The four Fierz expansions containing the term we want to solve for,
Combining these equations gives
which obviously requires more Fierz manipulation, since there are still spinor terms present. Using the Dirac identities (118)- (120), we obtain the additional Fierz expansions
Combining these expansions into the form they appear in (129), we get 
a pure bilinear tensor expression. Now, using the Fierz identities derived in [12] [ψ(
and combining them into the form in which they appear in (129), we get
which along with (136), can be substituted into (129) to give
